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Abstract: 
To improve the understanding of mud suspension in estuaries, a parametric stability 
analysis of a two-dimensional shear flow was carried out with a model of two miscible 
fluid layers of different mass density and dynamic viscosity. The direct numerical 
simulation code JADIM of IMFT (Institut de Mécanique des Fluides de Toulouse) is 
used to compute the temporal evolution of these flows. This study is completed by a 
linear stability study realized with the code LiSa developed at IMFT. A critical 
Richardson number close to 0.25 is observed. Results show that the characteristics of 
the most unstable modal wave number and the location of the interface instability, 
depend on the ratio of two fluid viscosity values. The model is initialized with 
continuous erf(z)  vertical profiles for all quantities. Likely outcomes of this stability 
study are new parameterizations for realistic modelling of estuaries. 
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1. Introduction 
Numerical models of estuaries, such as TELEMAC_3D or SIAM-3D for example, are 
used to deal with pollution or coastal settlement. Concerning erosion at the bottom of 
the estuary, these models are often based on the parameterization proposed by 
PARTHENIADE (1963) or PARCHURE & METHA (1985). However, these models 
can be improved by a more specific study of the interface between mud flow and water 
as proposed by LE NORMAND (1995) after coding TELEMAC_3D. In this way, we 
present a bi-dimensional study of the stability of the interface. Stability and mixing of 
stratified shear flow have been studied by CAULFIELD & PELTIER (2000). ERN et al. 
(2003) concentrate on shear flows with strongly stratified viscosity. KRANENBURG & 
WINTERWERP (1997) present a model validated by experiments, computing mud flow 
erosion by turbulence produced by wind or convected from other locations in the flow. 
As observations of the mud flow show its high viscosity, a highly viscous and very 
dense Newtonian fluid has been chosen to model mud flow. As explained in PHAM 
VAN BANG et al. (2007), mud flows are very complex to model because of the effect 
of time, forcing, thixotropy. For the present study, we have chosen a Newtonian fluid 
model with strong density and viscosity variations to get a first understanding of the 
response of the system to complex rheology. According to the model of mud flow 
vertical distribution proposed by MEHTA et al. (1989), the thickness of the shear 
profile can be much bigger than the density profile, and according to HOGG and IVEY 
(2003), Holmboe instabilities can develop at the interface between water and mud 
flows. However, we choose here the same thickness for the shear, density and viscosity 
profiles, in order to focus on the study of Kelvin-Helmoltz instabilities. 
 
2. Model of mud flow 
 
2.1 Model equations 
Our study is based on the following equations: 
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which link incompressible Navier-Stokes equations (1.a), where g  is the acceleration of 
gravity, to the transport equation (1.b) of a volume fraction Ф which controls, through 
relations (1.c), the kinematic mixing of fluid particles of non-homogeneous density  
and dynamic viscosity . Molecular diffusion of sediments is neglected here (see 
DEARDORFF & WILLIS, 1982) 
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The mixing of the two following fluids is considered: water, of density 0=1000 kg m-3 
and dynamic viscosity 0=10-3 Pa s, and the mud flow, of density 1=1360 kg m-3 
(MEHTA et al. 1989) and dynamic viscosity 1=1 Pa s. Both entities are then mixed 
and followed through the volume fraction of mud flow in the fluid, Ф. So, in these 
simulations, density and viscosity are linear functions of the volume fraction and then 
vary in the same way. 
 
2.2 Base flow 
To model vertical profiles of the concerned quantity near the water-mud flow interface, 
we consider the group of functions F(, Z) defined by: 
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where Z is the non-dimensional vertical coordinate to be specified later, the origin of 
which being located at the interface the parameter  controls the asymmetry of the fields 
located on both sides of the inflexion point, with continuity of the profile and its 
derivative around this point. The characteristics of this group of functions are described 
on figure 1. The function erf(z) is chosen as base function, in an empirical way, to 
qualitatively model a simple shear. In some cases, this profile can be seen as describing 
a transient response to an imposed gradient in the presence of turbulent diffusion. 
We consider the vertical profiles of longitudinal velocity u(z), density (z) and dynamic 
viscosity (z) given by the relations: 
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where u,  and  are the thicknesses respectively associated to the profiles u(z), (z) 
and(z). We consider here the case where these three thicknesses are equal to =0.3 m. 
The boundaries of the simulation field are defined by equations z=0 and z=3h, the height 
z=h=1 m being the interface location. In addition, we have chosen =0.1, since 
diffusion is assumed to be greater in water than in mud flow. The corresponding profiles 
are presented in figure 2. 
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Figure 1. Representation of profile on Z of the function F(, Z) with =0.2. 

 

 
Figure 2. Initial profiles  u(z), (z) and (z) on a  portion z[0.8 m, 1.6 m] of the 

domain z[0, 3 h], with h=1 m, =0.3 m and =0.1. 
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2.3 Control parameters 
First, in the chosen configurations, the Atwood number At=(1-0)/(1+0) is close to 
0.15. The three other non-dimensional numbers, relevant for our study, are defined by: 
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where 110 )()(   hh  is the density at the interface, Re is the Reynolds 
number based on the viscosity of water, Ri is the Richardson number Ri based on the 
maximum of the density gradient located at the interface z=h, and W is the logarithm of 
the viscosity ratio between mud flow and water. 
 
2.4 Description of the Navier-Stokes and linear stability analysis code 
The Navier-Stokes solver, JADIM, developed at IMFT (Institut de Mécanique des 
Fluides de Toulouse), solves Navier-Stokes equations for multiphase incompressible 
flows. The equations use primitive variables (velocity, pressure) and are solved by a 
finite volumes method. The code is 2nd order accurate in space and time, thanks to a 3rd 
order Runge-Kutta temporal scheme and a semi-implicit Crank-Nicolson scheme for 
diffusive terms. The equations are discretized using a 2nd order centered scheme with 
staggered variables (CALMET & MAGNAUDET 1996, LEGENDRE & 
MAGNAUDET 1998). The version used in the present study solves the system of 
equations (1) and has been validated for a viscosity gradient by ERN et al., 2003 and for 
a density gradient by HALLEZ, 2007. 
As supplement to the JADIM code, a linear stability code, LiSa (ANTKOWIAK & 
BRANCHER 2004, 2007) is used to obtain a global vision of the problem. This code 
solves the system of equations (1) linerarized around the base flow (3). Given a parallel 
base flow, a perturbation (defined by its wave vector) and specific numerical 
parameters, LiSa provides the eigen values and their associated modes, using a spectral 
method based on Chebyshev polynomials. So, in 2D, for each wave length, LiSa gives 
the prediction of the more unstable mode and its growth rate. 
 
3. Results 
For the simulations, the density of water and mud flow are fixed, while we vary the 
characteristic velocity U0 to modify the Richardson number Ri and the Reynolds 
number Re, and the density of the mud flow to modify the parameter W. For these 
simulations, the Reynolds number order is 105. 
 
3.1 Bidimensionnal parameters 
First, two-dimensional simulations, similar to flows observed in estuaries, are carried 
out with the JADIM code. The choice of a 2D configuration has been justified by an 
exploration of 3D configurations, in which we observed the development of instabilities 
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in the flow direction. However, instabilities with a finite spanwise wave number cannot 
be excluded by the Squire Theorem, as done for homogeneous flows.  
The 2D simulations are performed on a periodic field streamwise, of 3.4 m length and 
3 m height, with respectively 340×300 grid points, and with no slip boundary condition 
at the bottom and free-slip condition at the top. At initial time, the parallel flow is 
perturbed by a vertical velocity field located around the interface z=h modeled by a 
white noise of amplitude wm=10-2 m s-1. 
 
3.2 Typical growth of instabilities 
We present here results of 2D simulations, realized with the JADIM code, by varying 
the Richardson gradient number Ri and the viscosity ratio W. We observe the 
appearance of growing shear instabilities of large amplitude for Richardson numbers 
below the critical Richardson number of 0.25, approximately, for all the values of W 
investigated here. 
As for the viscosity gradient, we observe that, as presented in figures 3 and 4 for a 
Richardson number Ri=0.15, an increase of the viscosity gradient leads to a shift of the 
instability location upward in the interface, that is, closer to water, the less viscous fluid. 
This shift of the instability leads to a reducing of the quantity of sediments put in 
suspension. Indeed, for a large viscosity ratio, mixing occurs between clear water and 
some already mixed mud, of intermediate density and viscosity. 
 
3.3 Linear stability analysis 
After having determined the impact of control parameters on the stability of the 
interface, linear stability analysis has been performed using the LiSa code developed at 
IMFT. The growth rate of the more unstable mode is computed for a hundred values of 
the normalized wavenumber of the perturbation k* and is presented in figure 6 for 
Ri=0.15 and different W. We choose to scale the wave number with half the thickness of 
the interface: k*=k×δ×(√π)/4; the phase velocity with U0/2; the growth rate is 
normalized by σ*=σ× ( δ×(√π)/2)/ U0. 
We observe, in figure 5, a similar behavior for the different viscosity ratios tested here. 
However, slight differences are observed for W=3, corresponding to a dynamic viscosity 
of mud flow 1000 times higher than that of water. On the one hand, we notice that the 
growth rate is larger (~10%); and on the other hand, the most unstable wave number is 
different (0.456 for W=0 and 0.480 for W=3). 
This difference in growth rate and wave number of the most unstable modes between 
different W, can be of consequence for the sediment resuspension. 
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Figure 3. Configuration Ri=0.15, L=3.4 m, W=0. Density fields (x, z) at different 
times separated by 2.3 s (      : 0=1000 kg m-3,      : 1=1360 kg m-3 ). 

 

 
 

 
 

Figure 4. Configuration Ri=0.15, L=3.4 m, W=3. Density fields (x, z) at different 
times separated by 8.4 s (      : 0=1000 kg m-3,      : 1=1360 kg m-3 ). 
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Figure 5 : Representation of the normalized growth rate σ* as a function of the 
normalized wave number k* for Richardson number Ri=0.15. 

 
Figure 6 : Isolines of the normalized growth rate σ*, as a function of the non-dimensional 

wave number k* and the Richardson number Ri (for W=3). 
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In figure 6, we clearly observe, when Ri decreases, an increase of the growth rate and a 
decrease of the most unstable wave number. We can also observe for this configuration 
(W=3) the subsistence of very small growth rate instabilities beyond the conventional 
critical Richardson number situated at 0.25. 
 
4. Conclusion 
We have modeled the interface between water and mud flow by two Newtonian 
miscible fluids presenting strong variations of density and viscosity. 2D flows are 
simulated to get a stability criterion which is observed to be close to the well-known 
theoretical value Ri=1/4 for density stratified shear flows of homogeneous viscosity. 
The results show that the viscosity gradient modifies the outbreak of the instability, thus 
modifying the critical Richardson number, the wave number of the most unstable mode 
and the location of the instability at the interface. Therefore the viscosity ratio needs to 
be taken into account for the parameterization of the mixing due to shear instabilities. 
These results predict, at the interface, the density of a homogeneous fluid, resulting 
from the mixing of a model of mudflow and water, in function of flow feature. The next 
goal is to translate the density in concentration to supply a boundary condition of 
sediment resuspension. These results suggest also further investigations, for instance, by 
comparing the present analysis to simulations realized with a more realistic rheology of 
the mud flow like Bingham or complex rheology (PHAM VAN BANG, 2007).  
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Appendix : Notations 
A0 : quantity A associated with the water 
A1 : quantity A associated with mud flow 
A* : normalized quantity A 
At : Atwood number 
F : function 
g : acceleration of gravity (m s-2) 
h : height of the interface water - mud flow (m) 
k : streamwise wave number 
L : length of the computational box (m) 

P : pressure (Pa) 
Re : Reynolds number 
Ri : Richardson gradient number 
t : time (s) 
u  : velocity vector (m s-1)  
wm : amplitude of the vertical velocity perturbations (m s-1) 
W : logarithm of the viscosity ratio 
x,y,z : coordinates (m)  
Z : vertical coordinate associated with function F (here Z=(z-h)/) 
 : thickness of interface (m) 
 : shape ratio between water and mud flow 
 : dynamic viscosity (Pa s)  
 : density (kg m-3)  
σ : growth rate 
  : volume fraction of mud flow in fluid 
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